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ON THE BOUNDARY BEHAVIOUR OF FUNCTIONS
ORTHOGONAL TO INVARIANT SUBSPACES
BY
KAR-KOI LEUNG!

ABSTRACT. In this paper we study the relationship between the boundary
behaviour of functions in the orthogonal subspace of the invariant subspace
@H? and the boundary behaviour of the inner function ¢ itself.

1. Introduction. Let H? be the Hardy space of functions analytic in the unit
disc U and let S be the shift operator defined on H? by the relation

S(fy=2+ fEH

It has been proved by Beurling [3] that every invariant subspace of H? under
the shift operator S is of the form pH? = {¢f: f € H?}, where g is an inner
function, that is, a function bounded and analytic in the unit disc for which
l@(2)] < 1, z € U, and lim,_,;|p(re®)] = 1 for almost every 8 € (0, 27] with
respect to Lebesgue measure; see Hoffman’s book [9] for details.

Let {a,} be a sequence of complex numbers such that 5. ,(1 — |a,}) < oo,
0<|a,] < 1. Such a sequence is known as a Blaschke sequence. The
Blaschke product B(z, {a,}) associated with {a,} is defined as

B(z {a))= 1 14 &2

n=1 % 1- 5'12

It is well known that every Blaschke product B(z, {a,}) is an inner
function and every inner function ¢ admits the factorization

@(2) = cz"B(z, {a,})A(2)G(2), .1

where m is the order of zeros of ¢(z) at the origin, {a,} is the set of zeros of ¢
in U \ {0} repeated according to multiplicity.
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p is a finite, positive, continuous, singular measure defined on the unit circle
U, 8, € (0, 27, p, > 0, =% p, < o0, and ¢ is a constant of modulus one. In
this paper we assume without loss of generality that m = 0.

Let pH 2 be the invariant subspace of H? associated with the inner function
@(2), and let (pH?)* be the orthogonal complement of pH 2

For eachm > 0,each y > 1,and each § €4U, let

R(m, & v)={z:1—|z| > mlarg z — arg §[",

0<|z] <1, ]argz —arg | < 7/2}).
We say that a function f defined on U has a T -limit at £ if and only if
there exists a finite number L such that, for each m > 0,

lim  f(z) =
zE€R(mLy)

We note [4] that f has a T,-limit at £ if and only if f has a nontangential limit
até.

Ahern and Clark [2] have proved the following results concerned with the
existence of T,-limits of functions in (pH?)*.

THEOREM A. Let p be a nonnegative integer and let £ be a point of 0U. Then,
for each f € (pH?)*, the functions f(2), f'(2), . . . , f®P)(2) have T\-limits at £ if
and only if

kol 1- Ianl 27 dp‘(o)
Sl
n 0

-1 |- a"|2(P+l) It - ei@IZ(p+l)
+3 Py (1.2)
nmt £ - eBperd T '

Protas [13] has extended the sufficient part of this result to the case of
T -limits. In fact, he has proved

THEOREM B. Let v > 1 and let p be a nonnegative integer p < ¥y — 1. Then,

for each f € (pH?*, the pth derivative of f has a T. v/p+nylimit at §if (1.1)
holds with p + 1 replaced by .

In [13] he also gave an example to show that the converse of Theorem B is
not true even for the case p = 0 and ¢(2) = B(z, {a,})-

The purpose of this paper is to study the boundary behaviour of the
functions f in (pH?)*, and their successive derivatives along a class of curves,
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namely the curves of the form T = {r(8)e”; 8 € (0, 7]}, where we assume
that r(f) is a continuous decreasing function of 4, 0 < r(d) < 1, T NoU =
{1).
Given a function f defined on U, and a curve I' defined as above, we say
that f has a I'-limit at 1 if there exists a finite complex number L such that
lim f(z) = L.
e
In §2 we obtain a sufficient condition and a necessary condition for the
functions in (pH?)* to have I-limits at 1. In §3 we study the existence of
T-limits of higher order derivatives of functions in (pH?)*. In §4 we study
the existence of T.,-limits of functions in (pH?)* and their derivatives. A
necessary and sufficient condition is given for the case p = 0. In §5 an
example is given to illustrate that the result we obtain in §4 is more general
than Theorem B. In §6 we study the boundary behaviour of the kernel
functions D, which will be defined in §2.
Of course, the results obtained in this paper are also true for the similar
curves with one end at some other point on dU.

2. Let {a,} be a Blaschke sequence, and g, = r,,e”’", n=12,....Without
loss of generality, we assume that |1 — a,| <3 for all n. Let T = {r(8)e”:
6 € (0, )} be a curve defined in U, such that r(6) is a continuous decreasing
function of 4,0 < r(8) < 1,IT naU = {1}. We have the following theorems.

THEOREM 1. Let ¢(z) be an inner function, factorized according to (1.1). If

& 1- Ian 27 dp,(0) e Pn
—_— 4 _ — < 0. 2.1
nel Il - an|2 j; Il — emlz nel ll - e:b‘,,lz ® ( )
—_— 1-
lim > 3 ol
0% | 1/2<8,<2n (1= r(0))* + (1 — 6,)°
% ap(6)
"'f 2 2
/2 (1=r())" +(@—9)
Pn
+ 3 3 3 < oo, 2.2)
1/2<8,<2t (1 =r(8))" + (- 8,)

then, for each f in (pH?)*, f(2) has a T-limit at 1.

We mention that the range of {6,} considered in (2.2) has already been
used [11] in studying the I'-limits of Blaschke products B(z, {a,}), in which
an associated necessary and sufficient condition is obtained for the existence
of I-limits of the Blaschke product B(z, {a,}) and its subproducts.
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ProoF. We first consider the special cases (I) ¢ = B, (II) ¢ = G, (III)
¢ = A, and then give a proof for the general case based on the factorization
(1.1)..

In the case (I), let B, = 1, let B,(z) = B(z, {a;}'z), n=2,3,..., andlet

h(2) = (1= 1a,P)B(2)/ (1 - G2), n=12....

It was shown by Ahern and Clark [2] that {4,} is an orthonormal basis for
(BH?*. For any z € U, let D? be the function in (BH?" satisfying
f@) = (f, DF) for all f is (BH 2)-L The function D? is known as the
reproducing kernel of (BH?)*. For further details of reproducing kernels, we
refer to Hille’s paper [8].

We wish to show that {D2: z €T} converges weakly as z — 1 along T.
Since {4,} is an orthonormal basis for (BH?)*, D admits a representation

CHCEDRAOC

and
127]'= 2 () = 3 — IB,(2)]~ 23)
n=1 n=1 Il nl
Let z = r(f)e”, and let r(r) > 1. Define the functions S, S,, S as follows:
1- |an|
S, (1) = —_—,
/(1) 21<§,,:<27r [1—a,:zf
1—]a,
SH= > —,
2(1) o<t<t/2 |1 — @,z
1-1a|
S; ()= > .
3() 1/2<8,<2 |1 — @, ZIZ
Then
1 —1a,|
S () = 2

u<t<2r |1 — anzlz
- S 1-la,|
ucl<an (1= rr() + dr,r() si((t — 6,)/2)
1-a,|
2u<8,<2n |t — 6, |2
1ol 4 § 1oled

u<t <2 02 n=1 0,.2

< x?

< 472
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Similarly, we have
& 1-la)
S, (1) < #? -,
1-la,|
S0= = ; —
1/2<0,<2t (1 = r,r(2))" + 4r,r(t)sin®((¢ - 6,)/2)
1—|a,
< 2 i n
1/2<8,<2t (1 =r(t))" + (¢t - 6,)*/=*
1- Ianl

< 7

1/2<0,<2t (1 - r(t))2 +(t-6,) .

It has been shown by Cargo [5] that 3. ,(1 — |a,|)/|1 — a,|° converges if
and only if 33.,(1 — |a,|)/0¢ converges, where p is a positive number. But
by the hypothesis (2.1) Z%.,(1 — |a,])/|1 — a,|* converges. Thus we have that
2.1 = |a,)/6? is convergent and hence S,(f) and S,(f) are uniformly
bounded. By the hypothesis (2.2) we can find some positive constant ¢, and
® € (0, 7] such that

1= |a,|
t/2<8,<2t (1 - r(t))2 +(t - 0,,)2

Hence Z2.,(1 = |a,])/|1 — a,z[? is uniformly bounded on T for ¢ € (0, @],
and hence || D2|? is uniformly bounded on T for ¢ € (0, ).

Let z approach 1 along T'. Since the closed unit ball of a Hilbert space is
weakly compact, there is a weak limit point of D2 in (BH?", denoted by
D. This weak limit point is determined by (h,, Df),n=1,2,..., and each
h, is continuous on the closure of U. Therefore D2 — D weakly as z —» 1
along I'. We therefore see that Theorem 1 is true for the case ¢ = B.

We now consider the case ¢ = G. Ahern and Clark [1] have shown that the
linear combinations of the projections of the G,’s into (GH?)* form a dense
subset of (GH?' and the projection of each G, into (GH?»' can be
expressed as a linear combination of the G,’s, where

Gy (2) =exp{ -foo -j:—t—f an\)}-

Thus we can find an orthonormal basis for (GH?* among the linear
combinations of Gy(2), 8 € (0, 27).
We also have for all f € (GH)*

f(2)=(£.D7)

<e, t€(0 )

where
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I1D7|1* = 2 foz" hf_(—)'z-l- du(9).- 2.4)
From (2.4) we have for z = r(f)e” and r(f) > }
IPS| < 22 j(; 2 = r(:;‘z(i )(t —

But [27(1/60% du(0) is bounded if and only if 2|1 — e?|~2 du(9) is
bounded and the hypothesis (2.2) implies that there exist positive numbers @
and ¢ such that

2 du(0)
f 2 5 <c
72 (1—-r()) +(t—0)
for all 1 € (0, ®]. Hence we have that ||DF] is bounded uniformly for all
t € (0, ®).

Since the closed unit ball of a Hilbert space is weakly compact, the
existence of a weak limit point of DF in (GH?* as z — 1 along T is assured.
We denote this weak limit point by DC, and then Df is determined by
(G, DP) when 8 € (0, 27).

We now prove that D is unique by showing that each G, has a I'-limit at
1. We will say that F is a divisor of G if F is in the unit ball of H* and there

exists a function H(z) in the unit ball of H* such that G = FH. We note
that each G is a divisor of G.

Now from the hypothesis (2.1), we have

f21r dp.(0) (2 5)
o |1 —e®
From the hypothesis (2.2), we have
2t du(0)
i = 0. 2.6
.l_‘f&f,,zl—r(t)ﬂt—m 0 26)

But it is known [10] that (2.5) combined with (2.6) is a necessary and
sufficient condition for each divisor of G (z) to have a I'-limit of modulus one
at 1. Hence we obtain the theorem for the case ¢ = G.

We can prove the theorem for the case ¢ = A by the same method as we
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used to prove the theorem for the case ¢ = G. Observe the fact that the linear
combinations of the functions A,(z), A € (0, o), form a dense subset of
(AH?* [1], where

N i, 8y 41
A\(2) = exP[" > Py ei; +z_ A+ N)pyyy ’e,-s_+'z' ]’
Jj=1 e’ —z enNtt — 2z
and N = [A] is the integral part of A.
We have for all f € (AH?)*

f(z)= (f’ DzA)’
1 - A(2)A%)

DA =
2O =——

S |An(2)l?
DA =2 -
” z ” Nznl PN Il _ e"’"*'lz
The proof for the case ¢ = A is so similar to the proof for the case ¢ = G that

it will be omitted. It has been observed by Ahern and Clark [1] that for linear
functions ¢, and ¢,, we have

(p19.H 2)l= (pH 2)lGB @1 (p.H 2)l- (X))

Hence the hypotheses (2.1) and (2.2) imply that each function in (BH?%)* U
(GH?»* U (AH?%* has a T-limit at 1 and the same is true for their linear
combinations and finite products.

This completes the proof of Theorem 1.

Ahern and Clark [2] have shown that if all the functions in (pH?)* are
bounded along some sequence in that unit disc, tending to 1, then every
function in (pH?™* has a T;-limit at 1. Now we can prove the following
converse of Theorem 1. In fact, we can prove something more.

THEOREM 2. Let @(z2) be an inner function factorized according to (1.1). If for
each f in (pH*)*, f(z) is bounded along T then (2.1) and (2.2) hold.

ProoF. (2.1) follows easily from Theorem A.
If (2.2) were not true, then one of the following cases must arise:

Tim 1- lanl

li _

t—gﬁ [l/2<20,.<2! (1 — r(t))z + (t - on)Z J 0, (I)
—_— 2t du(0)
1 =
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Pn = 0. I
:l-»% (t/2<28,,<2! 1- r'(l)2 +(t — 5) ) °° )

In the case (I), since (BH)' c (pH?*, we have that each function in
(BH?" is bounded along I. Then the uniform boundedness theorem implies
that || D2 || is bounded for all z € T, that is

1-|B(2)P
DB 2_ TV 2.8
" z " 1- Izlz <c ( )

for some constant ¢ > 0. Therefore |B(z)] — 1 as z — 1 along I'. Hence we
can find z, €T such that |B(z)] >} whenever |z| > |zy|, z € T. Now (I)
implies that

& 1-la|
lim _— =
:ZII‘ =1 |1 — a,z|

which means that for each 2’ €T, (|z’| > |zy]), and each positive number c,
we can find z” € T with |z”] > |2’| such that

3 tAzlal
c.
el |l—az”|2

Hence we have

By2 12 l I2
| D,=|I" = 21 1B, (2" W ———3

I - zulz
g l1-lgf 1 & 1-lq]
,,% |1 - a,z"}? ,,gl 1 - a,z"P (29)

and (2.9) is seen to be a contradiction of (2.8). Thus (I) turns out to be
impossible.

By using the same method, we can show that the cases (II) and (III) will
never happen.

The theorem is thus proved.

3. We now study the existence of the I'-limits of the higher order derivatives
of functions in (pH%)*. We have the following theorem.

THEOREM 3. Let @ be an inner function with the factorization (1.1), and let p
be a nonnegative integer, if (1.2) holds with § = 1, and
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—_— 1- Ianl
1/2<0,<2t [(1 —r(t) + (-4, ]
2t dp(0)
+f: 2 2 2P
72 [ = ) + (e - 0)7]
, S Pn <. (1)

1/2<8,<2t [(1 —r() + (1 - 8n)2]’+1

Then, for each f € (pH?)*, the functions f(2), . . . , f®)(z) have T-limits at 1.

Proor. We first consider the special cases (I) ¢ = B, (II) ¢ = G, (II)
¢ = A, and then give a proof for the general case.

In the case (I), by making use of (2.7) we can assume without loss of
generality that {a,)} satisfy |l — @,z| < 1 for all z €T, |z| > 1. The theorem
has been proved for the case p = 0 in Theorem 1. We now apply the principle
of mathematical induction to prove the theorem for all nonnegative integers
Pp. We assume that the theorem is true for p = N — 1. We wish to show that
the theorem is also true forp = N.

For each z €T, let D2, be the function in (BH?)* which satisfies

f(N)(z) = (fs D:ﬁ ¢
Since {h,} is an orthonormal basis for (BH?)™*, we have D2, = 3%_, d™h,,

n=]

where | D2y |2 = S2.,|dP (). Setting f = h, we have d™ = ™ and

N ‘g
EM(z) = (1 - |a )2 (]Y)B(”‘”z ——-J"—
e =0 -1ah)” 2 (5) 80 =0
Hence
2 00
P2 = 21 [P

< § 1-— 2 ( ﬁ N BWN=7 j!lanlj )2
n-l( 40 j=0 (J')I o (z)lll—_E,,zFT .

Now

e 1- Ianl
lim > - 7 <®
-0% 1/2<6,<2t [(1 —r() + (¢t - 0")2]

implies that
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_ 1-la

lim > o -7 =0

0% 1/2<8,<2t [1 = r(t) + (1 —8,)]
Theorem 3 of [11] asserts the boundedness of B ~(z) on T for n =1,
2,...,j < N, hence

BN () MNal  ew-p)!
1 —a,zP+! |1 — a,zp*!

where c(y_; is a constant independent of n, and we can take z €T, |z| > 1
then |1 — a,z| < 1 for all n, and hence there is a constant ¢ such that

1- |an|

(N) —_—
1" (2)] <€ I1-a zlz(N+l)
n

for all n,and z closeto 1 on T,
Therefore

3 1—|a,

2
"DfN" < cﬂgl I] - &'"ZIZ(N+1) :

(3.2)

Now, by using the method we have employed in the proof of Theorem 1,
we can show that the right-hand member of (3.2) is uniformly bounded on T,
for all 8 € (0, @], where ® is some number in (0, 7).

Again using the fact that the closed unit ball of a Hilbert space is weakly
compact, we can find a weak limit point of D5, in (BH?* as z — 1 alongT.
We denote this weak limit point by DZ. This weak limit point is unique since
it is determined by (h,, D), n =1, 2, ..., and each function A, is analytic
on the closure of U. We have thus proved the theorem for the case ¢ = B and
P = N, and hence for all nonnegative integral values of p.

In the case (II) the theorem has been proved for the case p = 0 in Theorem
1. We now apply the principle of mathematical induction to prove the
theorem for all nonnegative integers p. We assume the theorem is true for
p = N — 1. We wish to show that the theorem is also true forp = N.

From the assumption that (1.2) holds with £ = 1 we have

22 du(0)
fo T empt <% (3:3)
From (3.1) we have
du(8
lim [ k(@) (3.4)

=0* “t/2 (1 —r(t) + |t — 45r|)"+l -

But (3.3) and (3.4) imply that the pth derivative of each divisor of G has a
T-limit at 1 [10].
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Ahern and Clark [1] have shown that for each f € (GH?)*

f(z) = fo * c(0)K (8, 2) du(8) 3.5)
where c(0) € L*(pn(8)), and

V2 G,
K(6,z2) = l—_;% . (3.6)

From (3.5) we have

27
M(z) = c(9
ORI
Now let DS, be a function in (GH?)* such that

™) = (£, D)
for each f € (GH?)™ . Since L¥(p(6)) is isometric to (GH?)* [1], we have

ogi = [ | 5

By applying Leibniz’s rule to (3.6) we have

4 1(0).

VK (8, z) - ("
oz -V ngo ( )n!G§ ) (1 - e~g)"! "
Since
— (2 dpn(0)
lim <
1—0+ l/z [(1 _ r(t))2 + (t .y 2]P+1 [>0)

implies that (3.4) holds, by an argument similar to the proof of Theorem 1 of

[10], we know that GV ~")(2) is bounded on I by C,, where C, is a constant

independent of 4 and z. So there exists a constant C such that

ANk (8, z) |
oz

The condition (1.2) with £ = 1 together with condition (3.1) imply that

2 | IVK (0, z)
j(; azV

is bounded uniformly when ¢ € (0, ], where ® is some small positive
number. Hence {||DS||} is bounded uniformly on (0, ®].

Again, we use the fact that the closed unit ball of a Hilbert space is weakly
compact to find a weak limit point DS as z—1 along T. But DF is

C
ll - e—iozlz(NH) *

dp(0)
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determined by (G, D,? ), 8 € (0, 2], and the existence of the I'-limit of each
G ensures that DY is indeed the weak limit of DS, as z — 1 along T'. This
completes the proof for that case ¢ = G.

The proof for the case @ = A is very similar to the proof for the case
o=G.

Combining the above results for the cases ¢ = B, ¢ = G, and ¢ = A, and
observing the relation (2.7) we now see that the theorem is true for p = N,
and for all nonnegative integral values of p.

4. We now apply the results obtained in §§2 and 3 to study the 7. -limit of
functions in the space (pH?%)*. We first obtain

THEOREM 4. Let ¢(z) be an inner function, let (1.1) be its factorization, and
let v > 1. Then for each function f in (pH?*, f(2) has a T,-limit at 1 if and
only if (1.2) holds with §{ = 1,p = 0 and

1 —_—
lim { la] 3
-0+ | 1/2<1g,1<2t 27 + (t — |6,))
(f—r/z f ) du(19))
1/2) 2 + (¢t — |0))°

Pn
+ . 4.1
t/2<|28|<2t 2 + (t = |5,))? ] < @
Proor. We obtain the sufficiency if (1.2) with £ =1, p =0 and (4.1) by
noticing the fact that the modulus of the value of each function in {A,} U
{G;} U {A,) in each set R(m, 1,y) for m >0 is not greater than the
modulus of its values on the boundary curve r(¢) = 1 — m|¢|", and applying
Theorem 1.
In considering the necessary condition, we note that (1.2) with§=1,p =0
is obtained by applying Theorem A and the fact that the existence of a
T,-limit of a function defined on U for some y > 1 at a point { €3U implies
the existence of a T-limit of this function at the same point £ The condition
(4.1) is obtained by applying Theorem 2 to the curve defined by

r()=1-a"7, t€(O, 7]
COROLLARY 1. Let y > 1. The following statements are equivalent:

(@) each function f € (pH*)* has a T,-limit at 1,
(1) each function f € (pH?* is bounded along R(m, 1, ¥).

As an application of Theorem 3, we have the following result:

THEOREM 5. Let ¢ be an inner function, and let (1.1) be its factorization. Let
¥y > 1, and let p be a nonnegative integer. If (1.2) holds with § = 1 and
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n-a{ s - g

t-0* | t/2<|0,1<2¢ (tZy + (t _ lonlz))p+l

-t/ 2t du(|61)
* (f-m 2+j;/2) (

21+ (¢ = |0])2)""

Pn
t/2<l8d<2e (21 + (1 — |8,,|)2)’“
then the pth derivative of each f € (pH?>)* has a T,-limit at 1.

Note. (1) If the pth derivative of each f € (pH?* has a T,,-limit at 1 then
the jth derivative of each f € (pH?)* will have a T),limit for A, = (p +
)y/( + Datl,j=0,1,...,p.

(2) It is easily seen that as long as we can prove the existence of the limit of
the pth derivative of each f € (pH?* as z—1 in R(m, 1, y) for some
particular m > 0, by this method we can also prove the existence of the limit
of each f € (pH?)* as z — 1in R(M, 1, y) for any other M > 0.

5. In this section, we give an example to show that indeed Theorem 5 is
more general than Theorem B.

ExaMPLE. Let p be a positive integer and y > 1. Then there exists a
Blaschke sequence {a,} such that

+

} <o (42)

) 1—|a,
"gl |1 - anllx(z;!+2) =
whenever
1+y(2p +1
A> 2:(;: 2 )
but the pth derivative of each function fin (BH?)* has a T -limit at 1. Let
a, = (1 -1 )e'/"', n=23,..., (5.1)
nflogn
where we assume that
8 >max(l,a), 0<a<1l/(y-1). G2
Then
1—|a, noGp+ON-8

ll - a"IA(2p+2) ~ log n
as n — oo, so that (5.1) holds if and only if
al2p+2A -8 > L (5.3)
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But we require our Blaschke sequence to satisfy (1.2) with § = 1. For this
purpose, we let

a(2p+2A - B < -1 G4
We now impose some conditions on the Blaschke sequence (5.1) so that

(4.2) can be satisfied. Let a, = r,e“. For small positive values of 7, we define
N so that

(N+1D)“<t< N~
Let K be a positive number less than one. Then for some constant C we
have
1- r, CNK+¢7(2p+2)-B
2p+2 < log N
n-nNj<nx {7+ |t —8,)} g

while the remaining terms of (4.2) are bounded by
CN(a+|)(2p+2)—B CN(a+l)(2p+2)-—K(2p+l)-ﬁ

N"<In§\ll< ev IN = n®*log N log N
Hence (4.2) will be satisfied if both of the following inequalities hold
K+ay(2p+2)-8<0, (5.5)
(a+D2p+2)—K2p+1)—-B<0. (5.6)

We now see that the set of triples (K, a, B8) which satisfies (5.2), (5.3), (5.4),
(5.5), (5.6) is nonempty, indeed the triple

vy -1
[@p + D)y +1]2p +2)

K=1-

and
1
[@+D)y+1]@2p+2)°

1
2p+2°

B=1+

can meet our need.

6. The reproducing kernel DZ (&) = (1 — (z)@(®)/(1 — &) has been seen
to be significant in the theory presented in the previous sections. Perhaps it is
natural to ask whether there is any information about the inner function ¢
implied by the boundary behaviour of D on the curve I'. Protas [14] has
obtained the following results for the curves I, ., = {r(De”, r(t)=1-
m|t|", 0 < |t| < min(w, m~'/*)} wherey > 1 and m > 0.

THEOREM C. Let @(2) be an inner function, and let (1.1) be its factorization.
Then (1.2) holds with 2(p + 1) replaced by v if and only if
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[ Dozl < . (6.1)
r(l,y,m)

As a by-product of the proof of Theorem C, he has also obtained

THEOREM D. If the condition (1.2) holds with 2(p + 1) replaced by v, then

(2) |dz] < 0.
LMJMNII

Let T = {r(f)e® 0 € (0, 7)) where r(f) <1 and lim,_,r(f) =1, we
assume that (@) satisfies a Lipschitz condition.
sup |r(6,) — r(6,)| < 2|6, — 6] 6.2)
0,%0,

and 7(8) < 0. Let T; be the reflexion of T in the lower half-plane and let
I'* =T U T,. By using the method of Protas [14], we can prove the following
extension of Theorem C to the curve I.

THEOREM 6. Let @(z) be an inner function, and let (1.1) be its factorization.
Let T* be the curve defined above. Then
& 1-|a) = du(|0]) 2 P
S 1—mr ) T T2 T
n=l r(16) J-« 1=r(0)) 2 1-r(5))
if and only if

<o (6.3)

]r 182) |z] < oo

Proor. We first consider the case ¢ = B.
From (2.3) we have, for any positive constant C,

[P qu<2204IU
Since, when z = r(f)e”, we have

|1 = G,z'> (1 - r())+ L1t = 8,14
then, for sufficiently small positive numbers ¢’

- a, r(t)e” |2

f" dt
o |1-G,(ne"P

0n_An 2 dt 0n+An dt < 2 dt
< —= 4 — —=&
'I(; (t - 0,,)2 Ln_An (l - "(t))2 'l’jn""‘n (t - 0,')2

+.__ﬂ___+_2-_.____2
[1-r@)] 4 <0

where 4, =(1-r,)/(Q—1), n=1, 2,.... But, from the hypothesis

2
<

B
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(6.2), we have

1—-r(6,—4,)>(1-r,))—04,=4,
and hence

¢ dt 1
— = ,» 8,-0.
k 1= ar()ef o( 1= (8, ) ”
It follows from (6.3) that

foc D2 e < oo (65)
and

f_OC"kalrpeullz dt< (6.6)
follows in the same way.

We now see that (6.4) follows from (6.5) and (6.6), since (¢) is bounded by

0.
For the converse, we assume that (6.4) holds for ¢ = B. By considering the
logarithmic derivative of B(z, {a,}) we have

Nz, [a = — S z L.—Iilz.
Bl () n% Bl )(1 - a,z)’
where
b,(z) = B(z, {a,})(1 — @,2)/ (@, — 2), n=12,....

Let D(z) = B(z, {4,})> Then [DS|> > [B(z, {a,])|, |B(z {a})|
> 1|D’(2)|, and hence

fr 1D(2)] |zl < . 6.7

But (6.7) implies that the Blaschke product D (z) has a I'-limit (T';-limit) at 1.
Also (6.4) implies that

1-|D
f.‘"1|-|—§|z)lldzl<°°-

Then, for some constant C > 0
c 1= |D(r(t)e")|
j(; 1-r(2)
Since 7(¢) is bounded for ¢ € (0, C], hence sup{|D(z)|: z€T} =1 and

|D(2)] > 1 as z — 1 along T'. Therefore D (z) has a I'-limit of modulus 1, and
hence B(z) has a I'-limit of modulus 1 at 1. The same is true for the curve T',.
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Now, from (6.4), we have

c & 1—la,?
—_— di< 00,
f—c ,§1 |1 = a,r(t)e]?
and this implies that
00
S (1= 1aP) [ 1= ar(e’| 2 de < oo,
new=} ln

where I, = (0,, 6, + (1 — r(8,))) if 8, > 0 and I, = (6, — (1 — r(|6,]), 9,) if
6,<0.

Now, a theorem of Lindelof [6, p. 5] shows that B(z, {a,}) has a limit of
modulus one as z — 1 inside the area bounded by I'*. So there is an integer
ny such that a, is outside of I'* for each n > ny, that is

1=r,<1-=1r(0,) ifn> n,

Then
1 = (e’ < 51 - r(8))’
SO
3 1- Ian'
————— < ,
2 T <%
and hence

d 1- lanl
2 T=rqp <

In the case ¢ = G and ¢ = A, using the same method we can prove that
Theorem 6 is true. Since the proof is so similar to the proof for o = B. We
will not repeat the arguments here.

Now consider that general case that ¢ = ¢BGA. If & and ¥ are two inner
functions we have

1= [®(2)¥(2)P =1 - |D(2) + |D(2)(1 — [¥(2)P),
and hence we have
ID2¥|2 = | D2 + |@(z)1? 1D < IDMP + IIDF|1%

Combining the results we obtained for the cases ¢ = b, ¢ = G and ¢ = A,
we see that (6.4) implies (6.3).

Conversely, let us assume that (6.3) holds. Since 1 — |[P(2)¥(2)}? > 1 —
|®(z)}? for any inner function ¥ and ®, we have

2 2
(L2 g N
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Again, combining the results obtained for the cases ¢ = B, ¢ = G and
¢ = A, we see that (6.3) implies (6.4).

This completes the proof of Theorem 6.

As an extension of Theorem D, we mention the following theorem.

THEOREM 7. Let ¢ be an inner function, and let (1.1) be its factorization. Then
(6.3) implies

fr |9(2)| |dz| < oo
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